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Boundedness of varieties of general type .

Theorem ( DCC of volumes ) : Fix nett

and a set IE [0.11 which satisfies the
=

Let D be the set of projeclnie-ogcanonrca-pa.rs/
IX.B) such that Jim X- n , and !oeftCBT
Then there is a constant Sao and¥pntger m

such that :

CH The set { volcx , NxtB) ICXIBJED } satisfies the DCC .

Cal if Kol CX , Nxt B) so ,
then volcx

,
16×+131=8

.

(3) if K×tB is big . then ¢mcµ×+☒, is birational
.

Y E.* Chrx ) = He + Cite I E

{ elf This e could
go

to
zero

✗



Theorem ( Boundedness of anti - canonical volumes ) :

Let ② be the set of train / IX. B) such that

✗ is projective , Jim ✗ =n
.

Nxt 13=-0 , and fCI
Then , there exists a constant 1420 only depending on

n and I such that v01 CX , - Kx ) < M for every

pair IX. B) c-D.

Example : ✗=P' Coco . . . . .am )
,

IX. E)
I

Assume well - formed . log canonical CT

Nxt E- 0 .

Corot . . . + Qnj
"
-

volcx
,
-Nxt -
- . 41-14*1*-1Cao .

. .
- out (✗ ,

I/M )

Xp -- (pi 3,27 ,
(p + 5)

2

_gp
→ •

. if p →
oo .

Homework : Find the minimum ns.tl-mhxl

admits a KIT element. Ans : M - rp.



Theorem (Effective bi rationality ) :

② the set of Ic pairs IX.B)
such that X

is projective , Jim X - n
,
Hx + B is big . coeff (B) C- I .

Then §mA×+B) is birational where. m:= mcmtsl .

Theorem ( The ACC for numerically trivial pairs ) :
There exists a finite subset To C- I

such that if IX.B) satisfies the following :

ls) (HB) is an n - dimensional projectivepaif
(a)ÑIt and
-

(3) Nxt 13=-0 .

Then
,
the coefficient sets of 13 belong to Io



Theorem (The ACC for log canonical thresholds ) :

There exists a constant Sao such that . if :

CH (Xi B) isan -dimensional log pair with coeff (B) C- I.

(2) (X
, IO ) is Klf for some ⑤ 20 ,

and £

(3) B's Ct -8113 where IX. B' ) is log csnoni
Then CXIB ) is log canonical . used to

toe - breaking .



• Boundedness of anti - canonical volumes :

(X , B ) hilt
, Nxt 13=-0 , and ilolftxl > 0 .

I
is really large .

0£ G- ye - Kx ,

mult.cl G- I > £ ( vol CX, - ✗ 1)
÷

not rlt .

IX. TG ) is log canonical for t very small .
)

(Xi B) tilt .

( ✗ , § - CI - 8)Bt GG ) with the smallest

y real number for which

coeffgoiy the previous parr isto one .

Ic but not bit .

Nx +OIE CI -8) Kx+B .

The rest of the proof consists of a global - to - local

argument and show that Sao small violates ACC .



Theorem ( Boundedness of varieties of general type ) :
Fix nott and a set IE KMAQ satisfying the Dcc

.

& d >o
.

Then , the set J-skcn.2.tl is bounded
.

,

that is , there exists a projective morphism of g.p
varieties Ter ✗→T and a 0h - tiaras ② on X

such that the set of pans { cxt.tt ) I 1- c- T} given

by the fibers of r is in bijection with the elements

of J-slcln.I.tl .

Last step : ✗"→ X
,

X
"
= LI Xi .

Hx" + B" is ample .

Hx" 1- B
" /su is ample → involution T

belongs to anIX. 13,51T ) is bounded .

algebraic group .

Diff, CB
" ) MT moot fix this .



Proposition 4.1 : Fix we IR > o . neat it satisfying the Dcc
.

CZ
,
D) projective log smooth n - dimensional variety .

D retired

Mp = strict transform of ☐ t reduced exceptional

[ b- divisor .

2-
'
→ Z

There exists a finite sequence of
blow -

ups
"
of strata of Mo .

such that of :

G) CXIB ) is proj log smooth n - Jim ,

G)

g
: ✗→ 2- is a finite sequence of blow-up> of strata of Mo .

G) coeff (B) EI .

Ca ) g. BED .
and 113<-1--40×1

cost v01 ( X
,
Nxt B) - w .

Then
, Holtz

'

, Hz't M Ba ' ) = W .

Z
'

- - - → ✗



Proposition 4.2 : Fix new ,
dzo and I c- Erin Q

satisfying the DCC .
Let Flo cnet.si be the set of

pairs CXIB ) which are disjoint omen of ample models

CXi.br ) where Jim Xi _- n
, coeff CBI ) C- 3 and

Chex 1-B) " = d. Then
, 8-KCLI .nl is bounded .

Proof : Assume irreducible & consider (✗ i. Bi) ,

we have a log birational} bounded family :

G. D)→ T

T /proposition 4. L
CZ ' , D' )

(Z ' , § ) is a terminal
parr .

Use 'invariance of plurigenera to prove that
.

V01 (Zti
, Kai TOIT;) - J ,

constant .
.

The on-set of the Zti are just
.

☐ .



Lemma 4.3 : (X , B) Ic pair ✗ + B is by .

f :X - - → W an ample motel for 18×+13.

If ¥3B ,
(X

,
B
' ) is Ic and 1101 lkxt B) =VolCkx&B' )

.

Then W is also an ample model for Nxt B
'

.

Proof : f :X→ W is a morphism .

A- f*lk×+B)

Fi= K×+B - f
-

A is effective & f- exceptional.

V01 IX. NxtB) = Vol IX
, Kx + Bttlb

'
- B ))

> hot CX , f. A + 1-CBI - By } independent
oft

3 Kol ( ✗ if
*A)

= Vol ( X , Kat B)

E a component of B
'

- B
.

✓
positivity

0 - ¥1101 CX , f-Atte 1) t-o-hvolEC.f.tt )

Z n - E - f. An
- '

= n dgf*E
Hence E is f- exceptional.



Hill , Ox Cmlkx+B'D =

H°lX , O×Cmf*AtmCE+F)J=

Hi CX
, ① ✗ (mf•A )) -

Hill , llxcmckxtb )) .

µ×+B & kx+B
'

have the same

canonical ring ☐ .


